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Abstract

We consider an attribute-based model of stochastic choice with variable
attention to different attributes. We characterize stochastic choice rules with
attributes and limited attention (SCRALA). Under SCRALA, the probability
with which an alternative (say, x) is chosen is the product of the probabilities
with which attention is drawn by the attributes where x is ranked highest and
the (weighted) probability with which attention is not drawn by the attributes
under which x is not the highest ranked. Our results are characterized by
axioms defined on observable choice data and all the attention parameters are

uniquely identified.
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1 Introduction

Attributes often help in making choices as rationales to what may be relevant to
the decision maker (Manzini and Mariotti| (2007))). The consumer may also choose
according to the salience of various attributes. However, in many cases, the decision
maker (DM) may not pay full attention to each attribute. For example, an individual
who wants to buy a car may be more focused on buying a sports car than a car with
extra airbags. Her varying attention to the various attributes may affect how she
chooses the alternative. In this paper, we characterize a choice rule that takes into

account the role played by different attributes in drawing the DM’s attention.

We provide some examples from consumer behaviour where attention paid to various

attributes plays an important role:

(i) Consider a consumer who wants to buy a box of breakfast cereal. She may be
more focused on nutritional attributes and less on the type of fruit that comes
with it. The difference in attention probabilities to the two attributes may affect
the choice probability of a specific cereal box. In our model, we assume that

the attention paid to the attributes is independent. E]

(ii)) Consider a consumer who wants to buy a smartphone. She may pay more
attention to buying a phone based on screen size instead of the number of
megapixels in its camera. These two attributes are independent so the attention
paid to them is assumed to be independent. We also assume that the DM is
generally attentive, i.e., the attention paid to any attribute is greater than or

equal to half.

We assume that choice probabilities are observable for any given subset of the set of
alternatives and any subset of the set of attributes. This is a reasonable assumption
since in most online and offline markets the planner can observe the set of available
alternatives and their attributes. In fact, in most online shopping platforms the
alternatives can be displayed on the basis of attributes as “filters”. Our choice rule

intends to capture the effect of varying attention to different attributes.

We characterize Stochastic Choice Rule with Attributes and Limited Attention (SCRALA)
according to which the probability of an alternative x is the product of the proba-
bilities with which the DM pays attention to the attributes under which z is ranked
highest and the weighted probability with which attention is not drawn by those at-
tributes under which z is not the highest ranked. The ranking over alternatives is an
antisymmetric ordering. We provide an example of the rule with three alternatives

and two attributes.

IBialkova and van Trijp (2010) identifies the factors affecting the attention paid to different
nutritional labels in an experimental setting.



Example 1 Suppose X = {z,y,z} and A = {a;,a2}. Let the two orderings with
respect to the attributes a; and ag be  >,, y >,, 2 and y >,, © >4, 2 respectively.
Let v(a;) = 0.51 and 7y(az) = 0.8 be the two attention probabilities of the attributesf]
The choice probabilities of the three alternatives from the set S = {z,y, z} according

to SCRALA, p° are as follows:

(i) pS(x, S, A) = y(a) (1@_7_(@12)) = 0.51 (13__%8) = 0.51(0.1) = 0.051,

(i) p°(y. S, A) = (az) (TTV_(‘T)) =0.8 (%) = 0.8(0.245) = 0.196

(i) p*(z, S, A) = (1|;|7_(a12)) (1|;|7_(a11)) = (13__Oi8> (13__0151) = 0.0245.

Note that the choice probability of alternative y is the highest since the attention

paid to the attribute (ay) in which it is ranked first is much higher than the attention
paid to the attribute (a;) where it is not (0.8 as compared to 0.51). Moreover, the
probability of ignoring the attribute a; in which it is not ranked first is also relatively
high (0.49). Also note that the choice probability of the default alternative is the
residual probability given by p°(z*, S, A) = 1 — 0.0245 — 0.196 — 0.051 = 0.7285.

An observation from the above example is the high probability of the default alter-
native. An interpretation of this property in the example is the fact that DM pays
attention to both attributes which have different top-preferred alternatives. This ‘con-
fuses” the DM since she does not choose according to the relative positions of x and
y which are similar across the two attributes. Even though she pays higher attention
to the second attribute the choice probability of y is discounted by the probability
of not paying attention to the first attribute (weighted by ) which is high (0.49).
This drags down the choice probability of alternative y in the set resulting in the DM
choosing the default.

We use seven axioms to characterize SCRALA. We describe them briefly. The first
axiom is Independence (IN) which is a standard one in many works on stochastic
choice. IN requires that the probability with which an alternative is chosen from a
given set of alternatives S and attribute set (AU B) is the product of the probabilities
of that alternative from the same set of alternatives over two sets of attributes A and
B. Therefore, this captures the fact that the probability of choosing an alternative

across two set of attributes is independent.

The second axiom is Full Support (FS) which states that the sum of choice proba-
bilities for a given set of alternatives S (consisting of two or more elements) when

only a single attribute is considered must add up to one (the default alternative is

2Note that the attention paid to attributes need not sum to one since they are assumed to be
independent.



chosen with probability zero). This implies that when there is only one attribute the
DM distributes the choice probabilities over alternatives in the set of alternatives and

does not give any consideration to the default alternative.

The third axiom is Invariance to Singletons (1S) which states that the probability
of choosing any alternative x from the singleton set {z} under a singleton attribute
set {a} must be the same as the choice probability of any other alternative y from
the singleton set {y} under the same singleton attribute set. This implies that the
choice probability of any alternative is dependent only on the attribute that is being
considered when the set of alternatives and the set of attributes are both singleton

sets.

The fourth axiom is Uniformity of Inferior Alternatives (UIA) which states that for
any set of alternatives S and attribute set A if there exists a triple of alternatives
x,y,z which belong to S such that the choice probability of = from the set {z,y}
under the attribute set {a} is strictly greater than that of y from {z,y} under the
same attribute, and if the choice probability of z from {z, z} under the attribute set
{a} is strictly greater than that of z from {z, z} under the same attribute then the
choice probability of the dominated alternatives i.e. y and z must be the same from

S under a single attribute set {a}.

The fifth axiom is Dominance (DOM) which states that if an alternative, x, is chosen
with a strictly higher probability than y from the binary set {z,y} given a single
attribute a for any such y which belongs to the set S\ {x}, then the choice probability

of x is unchanged when any such y is removed from the set S.

The sixth axiom is Binary Difference (BD) which states that the probability of z
from {z,y} under a single attribute a must not be equal to the probability of y from
{z,y} under the same attribute. This implies that the DM can differentiate between

two alternatives from a binary set when only one attribute is considered.

The seventh axiom is Stochastic Transitivity (ST) which is the probabilistic version
of the standard transitivity axiom defined for deterministic choice functions: If x has
a strictly greater choice probability than y from {x,y} under the attribute a and if y
has a strictly greater choice probability than z from {y, 2} under the attribute a, then
x must have a strictly greater choice probability than z from {z, z} under attribute
a. This is an axiom that has been used in the literature on stochastic choice (see
Fishburn (1973) and Manzini and Mariotti (2014]).

Our main result states that a stochastic choice rule satisfies the above seven axioms
if and only if it is a SCRALA. The proof of the result proceeds from binary sets in
singleton attributes. The preference ordering over the set of alternatives is first de-

rived for an attribute. We show that preference ordering is complete, transitive, and



antisymmetric, where the latter is proved using BD. The IN axiom is used to derive
the choice probability from a bigger set of attributes keeping the set of alternatives
fixed. FS is used to derive the expression that captures the probability of not con-
sidering attributes where the alternative is not top-ranked. DOM is used to obtain
the invariance of the choice probability of an alternative when removing dominated
alternatives under a singleton attribute set. IN is used again to obtain the main
expression of the definition of SCRALA.

We show Section that all the parameters in SCRALA are uniquely identifiable
from the choice data. BD plays an important role in this by ensuring the difference
in the choice probabilities from binary sets. This leads to the attention parameters
being distinct for a given choice data since no two data sets would generate the same
attention parameters and preference orderings. In the next Section we show that
SCRALA satisfies a well-known property Regularity with respect to alternatives (for
a fixed set of attributes), and also satisfies regularity with respect to attributes (for
a fixed set of alternatives). The former requires that the choice probability of an
alternative from a subset of alternatives S C'T" be weakly greater than from 7" when
the set of attributes is fixed. The latter requires that the choice probability of an
alternative from a subset of attributes A C B be weakly greater than that from B
when the set of alternatives is fixed. This is the standard regularity axiom defined
over alternatives as in [Fudenberg et al. (2015), McFadden and Richter| (1990) and
Aguiar and Kimya| (2019)). A violation of regularity can also be captured when the
set of attributes and the set of alternatives are allowed to vary. A justification for this
is the Attraction Effect as introduced in [Huber et al.| (1982)) which causes a reversal

in the choice probabilities.

We show in that our framework can also be applied to a social choice setting. The
set of alternatives can be seen as the set of candidates and the set of attributes can
be interpreted as the set of voters. In such a setting, SCRALA can be interpreted as
assigning consideration probabilities to the voters (analogous to attention probabili-
ties over attributes) and the choice probability of a candidate is the product of the
probability with which the voters who rank that candidate the highest are considered
and the (weighted) probability with which the voters who do not rank that candidate
the highest are not considered. Therefore, Theorem [I| can also be applied to this

setting with different voters being considered with limited attention.

SCRALA can also be interpreted as a Random Utility Model (RUM) as studied in
Aguiar et al. (2023) where the attributes are ‘different states of the world” and the
attention probabilities over the set of attributes are the probability distribution over
the different states of the world. The orderings over the set of alternatives for each

attribute can be interpreted as the different preference orderings in different states of



the world.

Many papers have studied the salience of attributes in stochastic individual choice.
Bordalo et al.[ (2012) models the salience of differences in expected payoffs in a model
of risk, [Bordalo et al. (2013) and Bordalo et al.| (2020)) model the role of memory in
decision-making which explains many behavioural biases including inattention to hid-
den product attributes. [Manzini and Mariotti (2012) shows that a choice rule which
takes into account different categories before choosing an alternative satisfies weak
WARP in a deterministic setting. The choice rule characterized in our setting can vi-

olate weak WARP and can even violate independence of irrelevant alternatives.

We contribute to the literature on Multiple Attributes (or Criteria) based Decision
Making, Limited Attention, and Stochastic Choice. Lancaster| (1966) introduced a
model with multiple attributes being associated with each alternative. There are
papers which study the case where the criteria can be interpreted as multiple selves
or rationales, e.g. Kalai et al.| (2002), [Manzini and Mariotti (2007)), |Cherepanov et al.
(2013), and Hara et al.| (2019). In the limited attention literature, Masatlioglu et al.
(2012)) provides conditions for revealed preference, while Lleras et al. (2017) provides
a choice theoretic foundation of limited attention and consideration sets. A good

starting point for the literature on stochastic choice is Luce| (1959).

Manzini and Mariotti| (2014)) is closely related to our paper due to the similarity in the
formulation of the stochastic choice rule. However, they model limited attention over
different alternatives and the attention parameters are defined for alternatives. In our
paper, a DM uses consideration probabilities for different attributes and the set of
alternatives can vary as well. Another closely related paper to ours is Bhattacharyal
et al.| (2021). They use a model concerning frames with a different Stochastic Choice
Rule. Our Stochastic Choice Rule uses a different partitioning of the attribute sets
with respect to each alternative. Due to this, the formulation of our rule, SCRALA,
takes a functional form and the distribution of the choice probabilities to ‘domi-
nated’ alternatives is different from the one in both these papers. In Bhattacharya
et al.| (2021), frames do not provide any additional information that helps the DM in
the rational evaluation of alternatives (as in Salant and Rubinstein| (2008)). In our
model, the attributes are informative and help the DM in the rational evaluation of
alternatives. Also, we make an additional reasonable assumption that each relevant
attribute is more likely to be considered than not. A limitation of our model is that
it requires a larger observable data set than these papers, which requires that choice
probabilities for the alternatives are known for every set of alternatives and every

given set of attributes.

Gul et al.| (2014) uses attributes in a stochastic choice setting. Their axioms and

the structure of the choice rule are very different as compared to ours. They seek



to explain the problem of duplicates infested in the Luce Rule (Luce (1959)). An
interesting model is provided by Honda (2021) where stochastic choices are made
when each alternative can be associated with a category. The stochastic choice rule
that is used has two terms (in a product form). The first term is representative of
the probability of the categories in which there are better alternatives (than the said
alternative) not being considered. The second term is the probability of consideration
of the category containing the said alternative multiplied by its Luce weight with
respect to the other alternatives in the same category. The weight (on the probability
of not considering the attributes in which there are better alternatives, in contrast)
in our paper just depends on the cardinality of the menu (of alternatives) and the

cardinality of the attributes (in which the said alternative is dominated) set.

Cattaneo et al.| (2020) provides a model where attention is both limited and random.
They have an axiom that states that the probability of an alternative being considered
weakly decreases as the menu of alternatives expands. Our model on the other hand
satisfies a different but related form of monotonicity: Regularity in Attributes. The
situation is similar: If no new alternatives are added but the relevant attribute set
expands, there is a case of diminishing attention. Hence, each alternative is less
likely to be considered (according to their model) and its choice probability also

decreases.

Kovach and Tserenjigmid (2022)) is another stochastic choice model with limited at-
tention where some alternatives have more attention associated with them; which are
known as the Focal Alternatives. Kovach and Suleymanov| (2023) presents a model
where reference points direct attention and show how stochastic choices are made
when the attention is reference-dependent and random. |Ahumada and Ulkii| (2018)
explains a model where a DM uses the Luce Rule on a consideration set. Kimya,
(2018) gives a detailed model of consideration set formation in the presence of at-
tributes and limited attention. However, his model is based on a deterministic choice

setup with thresholds unlike ours. Also, for various forms of Stochastic Transitivity

see [Fishburn| (1973).

The paper is divided into sections. Section [2] describes the Model, while section
provides the axioms required for the main result. Section [4| provides the results and
properties satisfied by SCRALA. An application to social choice theory is provided
in Section [4.4l Section [f] concludes while the Appendix provides proof of the inde-

pendence of the axioms.



2 Model

Let X be the set of all alternatives and X be the set of all finite non-empty subsets of
X. Let A be the set of all attributes and A be the set of all finite non-empty subsets
of A. We define stochastic choice rules which provide the choice probability of an
alternative for every S € X and A € A.

Definition 1 (Stochastic Choice Rule (SCR)) An SCR, p: X x X x A — [0, 1]
for any x € X, 5 € X and A € A provides p(z, S, A) which is the probability that

alternative x € X is chosen from a menu S € X and the set of relevant attributes

Ae A.

We denote a default alternative as x* which can also be interpreted as not choosing

any alternative or any other fixed alternative that is pre-determined.

The choice probabilities over the set of alternatives and the default alternative sum
toone, i.e., Y op(x, 5, A)+p(z*, 5, A) =1, where x € X, S € X, and A € A. Note
that p(z,S,A) =0ifz € S.

Before we define the choice rule, we introduce some notations. Suppose that >, is a
linear ordering over X according to the attribute a € AF| This is also the preference
of the DM on the given attribute a € A. We say that an alternative x dominates
another alternative y via an attribute a if x >, y. Forany A€ A, S € X and x € S,
the set

A(S)={a€eA:x =,y Vy e S}

denote the attributes in which 2z dominates all the alternatives in S and let
Ay(S) ={a€ A:Jy e S\{z},y =, v}
be the set of alternatives where x is dominated by some alternative y € S\{z}. We

now define Stochastic Choice Rule with Attributes and Limited Attention (SCRALA).
Definition 2 (SCRALA) An SCR, p° is a SCRALA if for all A € A there exists

a linear ordering =, on X and attention parameters v(a) € (1,1] for all a € A such
that for any S € X and x € S,

( cro (I —y(b
HaeAx(S) ’7(&) HETQT(5)<1>A5;L§| ))7 Zf Az(s) 7é (ba A;(‘S) 7é @;
ps('ra SJ A) = HCLEAI(S) ,Y(CL), Zfo(S) — A,
l()|;| (j)l)lAé(SN 7 if AS(S) = A.

3We say that R is a linear ordering if it is (i) complete: xRy or yRx for all z, y, (ii) antisymmetric:
2Ry and yRz implies that x = y, and (iii) transitive: xRy and yRz implies xRz for any x,y, 2.



According to SCRALA, the probability of an alternative z from a set of alternatives S
and given a set of attributes A is the product of the probability of paying attention to
the set of attributes in which x ranks first and the probability with which attention
is not paid to other attributes in which z is not ranked first where the latter is
weighted by \5‘\%1 Therefore, the choice probability is weighted down by the attributes
in which it does not rank first and the number of alternatives in S. Note that
v(a) is the probability that the relevant attribute a is considered or the attention
probability of attribute a. The rule also considers high attention to the attributes,
ie,v(a) > 3, for all a € A where A is the relevant set of attributes. This assumption
means that each relevant attribute is more likely to be considered than not. Another
implication of this assumption is that if there is only one attribute then it selects
the highest-ranked alternative in that attribute with a greater probability than the

default alternative.

3 Axioms

We introduce the Axioms required to characterize SCRALA:

Axiom 1 (Independence (IN)) An SCR p satisfies IN if for any S € X and
C,D € A such that C N D =0, we have p(z,S,C U D) = p(x,S,C)p(x, S, D).

IN states that whenever two relevant attribute sets are disjoint, the choice probability
for the union of the two sets is equal to the product of the choice probabilities given
the two sets separately. The next Axiom applies to cases with a singleton attribute

set.

Axiom 2 (Full Support (FS)) An SCR p satisfies FS if for any S € X, |S| > 2
and any a € A, Y sp(v,S5,{a}) = 1.

FS states that under a single attribute and any set of alternatives, with at least
two alternatives, the choice probabilities over the alternatives excluding the default

alternative sum to one.

When there are two or more alternatives and a single attribute, the DM prefers
flexibility in the menu of alternatives and the default alternative x* is not chosen at
all. However, if there is only one alternative and one attribute, then the DM may not
choose that alternative with full support and the default alternative has a positive
choice probability. This is due to the fact that there is no other alternative to compare
with other than the default alternative which enhances the choice probability of the

latter.

Axiom 3 (Invariance of Singletons (IS)) An SCR p satisfies IS if for anya € A
and z,y € X, p(z,{z},{a}) = p(y, {y} . {a}).



IS states that if there is only one relevant attribute and only one alternative is avail-
able, then the choice probability of that alternative is independent of the alternative.
In this case, the choice probability of the alternative is driven by the relevant at-
tribute.

Axiom 4 (Uniformity in Inferior Alternatives (UIA)) An SCR p satisfies UILA
if forall S € X, a € A,

[EI x,y,z €S s.t. plx,{x,y}, {a}) > ply, {z,y},{a})
and p(z,{x, z}, {a}) > p(z,{x, 2}, {a})]
= [p(y, S {a}) = p(z, S, {a})].

This Axiom states that (when a single attribute is considered) if there is an alternative
x that has a higher choice probability than two other alternatives y, z when offered
in two menus {z,y} and {z, z} respectively, then the choice probabilities of the latter
two alternatives are equal in the menu S whenever z,y,z € S. Since the choice
probability of x is higher than those of y and z in the binary sets {z,y} and {z, z}
respectively, y and z are inferior to x according to the choice probability in a binary
comparison. This Axiom states that the inferior elements in a menu are uniform in

terms of choice probability.

Axiom 5 (Dominance (DOM)) An SCR p satisfies DOM if for all a € A and
for all S € X such that x,y € S,

p(z, {z,y}{a}) > p(y. {z,y}. {a}) for ally € S\ {z}]

= [p(z, 8, {a}) = p(z, S\{y},{a}) for all y € S\ {z}].

DOM states that for any menu S and any alternative x when only one attribute is
considered if the choice probability of x is strictly greater than that of y when offered
in the menu {z, y} for any y € S\{z} then the choice probability of  does not change

when y is removed from S with the same attribute being considered.

Axiom 6 (Binary difference (BD)) An SCR p satisfies BD if for all a € A and
for-allw,y € X,x 7y, p(z,{z,y}, {a}) # p(y, {z, y}, {a}).

This Axiom rules out equality of choice probabilities when the menu consists of two
alternatives and a single attribute. In such situations, the DM chooses one of the two

distinct alternatives with a strictly higher probability than the other.
Axiom 7 (Stochastic Transitivity (ST)) An SCR p satisfies ST if for alla € A

10



and for all x,y,z € X,

p(x,{z,y},{a}) > p(y, {z,y},{a}) and p(y,{y, 2}, {a}) > p(y,{y, 2}, {a})
= p(z,{z,2},{a}) > p(y, {, 2}, {a}).

This Axiom is a variation of Weak Stochastic Transitivity in |Fishburn (1973) with
strict inequalities and holds when a single attribute is considered. It is a straightfor-

ward version of transitivity modified for the attribute setting.

4 Results

We are now ready to state our main result.

Theorem 1 An SCR satisfies IN, FS, IS, UIA, DOM, BD and ST if and only
if it is a SCRALA.

Proof. (=) Let p be an SCR that satisfies all the Axioms stated in the statement
of Theorem [I] We define a binary relation on X for each attribute a € A and denote

it as =, as follows:
tray < plx,{z,y},{a}) > ply, {z,y}, {a}).

We show that >, is a well-defined linear ordering. We first show that >, is complete.
Take any z,y € X. If x = y, then p(z,{z,y},{a}) = p(y,{z,y},{a}). There-
fore, [t = y] = [xr =, yandy =, z|. If v # y, by BD, p(x,{z,y},{a}) #
p(y, {x,y},{a}). Therefore, either p(x,{z,y},{a}) > p((y,{z,y}, {a}) which implies
z =,y or py,{x,y}, {a}) > p(z,{z,y},{a}) which implies that y =, x. Therefore,

>, is complete.

We show that >, is antisymmetric. Let x =, y and y =, x for some z,y € X. By
definition of >,

[z =ay] = [p(z, {z.y} {a}) = py, {2, 4}, {a})]

v =a 2] = [p(y, {z,y},{a}) > p(z,{z,y},{a})]

Above two statements imply that p(z,{z,y}, {a}) = p(y,{z,y},{a}). However, by
BD this can only be true if z = y. Hence, >, is antisymmetric. The strict component
of =, can be derived as follows: z =, y < p(z,{z,y},{a}) > p(y,{z,y},{a}) for
any xz,y € X and a € A.

For transitivity, let = >=, y and y =, z for some z,y, z € X. Therefore, p(z, {z,y},{a}) >

11



p(y, {z,y},{a}) and p(y,{y,z},{a}) > p(z,{y, 2}, {a}). As x,y, 2 are distinct, by
BD, the two aforementioned inequalities are strict. By ST,

ple, {o,y} {a}) > p(y, Lz, v} {a}) and ply, {y, 2}, {a}) > p(= {y, 2}, {a})]
— [p(. {2} {a}) > plz {z. 2} {a})].

Hence, x =, z which establishes that >, is transitive. Thus, >, is a linear order.

Using the above binary relation >, forany S € X, A € A, and x € S, we define
A (S) ={a€A:x -,y Vye S}
and
As(S):={a € A:3Jy e S\{z} such that y =, x}.
Using BD, it can be verified that A,(S) N AS(S) = 0. Since A = A,(S) U AS(S), by

IN, we have

p(x, S, A) = p(z, S, Az (S))p(x, S, AL(S)) for all x € S.

We now decompose the terms, p(z, S, A.(S)) and p(zx, S, AS(S)) separately. By re-
peatedly applying IN,

p(anaAm(S)): H p(x,S,{a}) andp(x,S,Ag(S)): H p(%,S,{b})
a€A(S) bEAL(S)

Therefore,

P, 5. A) = [ ple.S.4a)) T vl s.{0}).

Let S\{z} = {vy1,%2,- - ,ys)-1}. Suppose a € A,(S). By definition of A,(S5),

p(z Az, y}, {a}) = p(yw, {z, yi},{a}) for all k € {1,2,---,|S| —1}. Moreover,
since ¢ {ylv'” Jy|S|—1}7 by BDJ p(l’, {$7yk}7{a}) > p(ylm{x?yk}?{a}) for all
ke {1,2,---,|S| — 1}. Therefore, x >, y; for all k € {1,2,--- |S| — 1}. By

repeatedly applying DOM,
p(z,5,{a}) = p(z,S\{n1},{a}) = p(z, S\{v1, 92}, {a}) = - -- = p(z, {x},{a}). (%)

By IS, for any a € A, we can define y(a) as y(a) := p(w, {w}, {a}) for any w € X.

12



Therefore, by IN and Equation (x),

p(x,8, A (8) = [[ pla e} {a) = [ 2.

a€AL(S) a€Az(S)

Suppose AS(S) = {a1, a2, -+ ,aja(s)}. Let y1 = max(>=,,,5) be the most preferred
alternative in S according to =,,, i.e., y =4, ¢ for all ¥ € S. Similarly, let y, =
max(>=,,,S) for all k € {1,2,--- ,|A%(S5)|}. Applying F'S,

p(y1, S, {a1}) + Z p(z,5,{a1}) =1

zeS\{y1}

By UIA| forany z,z € S, [y1 >4, v and y; >, 2] = [p(z, S, {a1}) = p(z, S, {a1})].

Therefore,

p(y1, S, {ar}) + (IS] = Dp(z, 5, {a:}) = 1.

This implies that for x € S\ {y1} such that y; >, =, we have

_ 1 _p(be? {al})

p(x,S, {a’l}) |S| 1

Similarly, we can show that

_ 1= p(Yr, S {ar})
S| —1

p(z, S, {ax}) for all k € {1,2,---,|A%(9)[}.

Therefore,

plx, S, {ag}) = %_(C‘f)) for all a, € A%(S). (1)

By IN and the above equation (),

s (1= (b
oS A - HIE!E;I(i)g)A;g(n )

Therefore,

HbeAg(S)(l — (b))

(a5, 4) = plo. S, Al 8, 48) =[] o) =Dy

a€AL(S)
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It A= A,(S), by IN,

p(x, 8, A) = p(x, 8, A.(9)) =[] ()

Similarly, if A = A%(S), by IN,

HbeAg(S)(l - 'Y(b)).

p(x, S, A) =p(x, S, AL(S)) = (IS] = 1)l

We now show that v(a) > 3 for all a € A. By BD, for any z,y € X with z # y,

we have p(z,{z,y},{a}) # p(y,{z,y},{a}). Wlo.g. suppose p(z,{z,y}, {a}) >

p(y, {z,y}.{a}). By FS, p(z.{z,y},{a}) = 1 - p(y,{z,y},{a}) > 3. Therefore,
v(a) > % for all a € A. Moreover, we have shown that p = p® is a SCRALA with >,

and 7y(a) as parameters for any a € A. This completes the proof for the “Only If”
part of the theorem.

( <) Now, we prove the “If” part for each Axiom separately. We show that any
SCR, p* which is a SCRALA satisfies all the Axioms mentioned in the statement of
Theorem [l

Claim 1 SCRALA satisfies IN.

Proof. Let p° be a SCRALA. Suppose A, B € Aand ANB = (). Assuming A,(S) # ()
and B,(S) # 0, for any = € S, we have

Hbe(AUB)C(S)(l — (b))

ps(l’,S,AUB) = H V(G) <|S| _i)|(AUB)g(S)\
a€(AUB)z(S)
[Tocacsy (X =20\ [ hepes) (L — (b))
H H v(a) ( Z\Sf(i)l)m(s) ) ( IE]ST(i)l)Bg(S)I )
€A ( a€B.(S)

Hbe o(5)(1 = 7(0)) [bepgs) 1 =)
|;|—1)|AC( S) EIB_[(S)”U (5] = 1B

= ps(‘r7 S, A)ps(x7 S, B)
The other cases (A,(S) = A or AS(S) = A) are much simpler and easy to verify.

Claim 2 SCRALA satisfies F'S.

Proof. Let p® be a SCRALA. Since S has finitely many elements, we can list S
as S = {w1,--- ,x9}. As =, is a linear order over S, w.lo.g we can order S as
T1 =4 Ty =q -+ =a Ts|- Then, a € A, (S) and a € A5 (S),Vi € {2,---,[S]}. By the
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definition of SCRALA,
p*(z1, 5, {a}) = v(a)

and
1 —9(a )
p*(x;, S, {a}) = = , foralli e {2,---,|S]}.
Therefore,
S|
> p°(x,8,{a}) = p°(x1, 5, {a}) + Y p°(x, S, {a})
€S =2

S|

+Z |S|—1
1—7(a)
~ 3(a) +1 - 5(a)
=1

Claim 3 SCRALA satisfies IS.

Proof. Let p° be a SCRALA. Let 2,y € X and a € A. Letting A = {a}, we have
A, ({z}) = A since v >, = and A,({y}) = A since y >, y. By the definition of
SCRALA,

p’(z,{z} {a}) = v(a) = p’(y. {y}, {a}).
Claim 4 SCRALA satisfies UIA.

Proof. Consider any S € X and z,y, z € S such that,

[p*(z,{z,y}, {a}) > p*(y,{z,y},{a}) and p*(x, {z, 2}, {a}) > p*(z,{z, 2}, {a}).

By the definition of SCRALA, p*(z,V,{a}) € {y(a),1 — v(a)}, where V € X and
V| = 2. Since, v(a) > 3,Va € A, p*(z.{z,y},{a}) = 7(a) = p(z,{z, 2}, {a}).
Similarly, p*(y, {z,y}, {a}) =1 =~(a) = p*(z, {z, 2}, {a}).

This implies that x >, y and x >, z. Therefore, by definition of SCRALA,

P05 (D) = 3 = 1 a)).

Claim 5 SCRALA satisfies DOM.

Proof. Let p® be a SCRALA. Consider any a € A, S € X and x € S such that
p*(x,{z,y},{a}) > p°(y,{z,y},{a}) for all y € S\ {z}. This implies by SCRALA
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that z >, y for all y € S\ {z}. Therefore,

p’(x,5,{a}) = v(a) = p*(x, S\{y} . {a}).
Claim 6 SCRALA satisfies BD.

Proof. Let p° be a SCRALA. Consider any a € A and z,y € X with x # y. Since
> 18 a linear order over X, either z >, y or y >, x. W.l.o.g. suppose z >, y. By
the definition of SCRALA,

1 —~(a)

P {yh {ah) = 1(@) >

=1—7(a) =p°(y, {z,y},{a}).
Therefore, p*(x,{z,y},{a}) # p°(y, {z,y}, {a}).
Claim 7 SCRALA satisfies ST.

Proof. Let p° be a SCRALA. Suppose for some z,y, z € X,
p(z Az, y} {a}) > p*(y. {z, ¥}, {a}) and p*(y, {y, 2}, {a}) > p*(y. {y, 2}, {a}).

Since p® is a SCRALA with respect to =, for any a € A, the above two strict
inequalities imply (as shown earlier) that z >, y and y >, z. Since >, is transitive,
x >, z which implies that p(z, {z, z},{a}) > p(z,{z,2},{a}). =

4.1 Uniqueness Of Parameters

We now establish the uniqueness of parameters in the model which concern the

salience of attributes and the (attributes) family of preferences over the alternatives,

namely, (7(a))sea and (=4)aca-

Proposition 1 The parameters ((v(a))aea, (=a)aca) for a SCRALA p* are unique

for any given choice data.

Proof. Let p® be a SCRALA that represents a choice data p. Suppose the family
of parameters ((7(a))aea, (Za)aca) and ((7'(a))aca, (=, )aca) both represent p under

SCRALA p*. We show that ((7(a))aca; (Za)aca)= ((7(a))aca, (=, )aca). For any
x € X, by definition of SCRALA, we have

!/

p(z,{z},{a}) = y(a) = 7 (a) = p(z,{x},{a}),Va € A.

!/

Thus, (7(a))aea = (7 (a))aea-

Now, suppose that (=,)aca 7# (=,)aca. Then, 32,y € X with z # y and Ja € A
such that x >, y and y t; x. By SCRALA and by the fact that y(a) is unique, we
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have
p(z, {z,y}, {a}) =v(a) = 12%7(1@

This implies that y(a) =

=1-7(a),

%. However, this is a contradiction to the definition of

SCRALA since y(a) > 3 for all a € A. Hence, (=4)sea = (= aca. ®

4.2 Regularity in Alternatives and in Attributes

We first show that SCRALA is regular in attributes.

Definition 3 (Regular in Attributes) An SCR p is said to be Regular in At-
tributes if p(z, S, A) > p(z, S, B), whenever A, B € A with AC B, andx € S.

An interpretation of regularity in attributes is as follows. As more attributes become
relevant, the choices become more difficult and the probability that an alternative
is chosen weakly decreases (hence the probability that the empty set or the default

alternative is chosen weakly increases) when the set of alternatives is fixed.
Proposition 2 SCRALA satisfies Regularity in Attributes.

Proof. Suppose p® is a SCRALA and let S € X and A,B € A with A C B.
By finiteness of B, we can write B = AU {by, -+ ,b;} for some k£ € N. Denote
By = AU {b}. Therefore,

(2.5, B) v(by)p®*(z, S, A) if by € By, (9);
p\r,o,b1)= o .
(5) p(e,5,4) il by € B (S).

Since v(b;) € (2

3.1}, we have p*(x, S, B;) < p°(x,5,A). Similarly, one can show
that

p(.’L’,S, Bk) < < p(l’, S> BQ) < p(:EaSv Bl) < ps(xas> BO) :ps($7 SvA)a
where B() = A and Bz = Bi—l U {b1}7v1 S {1, ce ,k?} Thus,
Bi= B U{be) =AU by, be1} U b} = B.

Consequently, p*(x, S, A) > p*(x, S, B). This establishes the result. =

Definition 4 (Regularity in Alternatives) An SCR p satisfies Regularity in Al-
ternatives if p(x,S, A) > p(x,T,A), for all A € A and for all x € S C T, where
S, T eX.

This is the standard Regularity postulate which states that the choice probability of
an alternative is weakly greater for a subset of a set when the set of attributes is
fixed.
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Proposition 3 SCRALA satisfies Regularity in alternatives.

Proof. Let S,T € X with S C T. Assuming A,(S) # 0 and AS(S) # 0, for any
x € S, by SCRALA, we have

[ocic sy (1 —7(a))
pi(w, 8, A) = H V(a) (’51(5)1)A5(S)|

a€AL(S)

for any A € A. Since, T is finite, we can write T'= S U {xy,- -,z } for some k € N.
Denote T} = S U {x;}. By the construction of the sets A,(-) and AS(-) any attribute
a € A it is possible that a € A,(S) and a € AS(S U {x1}) (for instance if 3a € A
such that x =, y,Yy € S but x; =, x). However, it is not possible that a € A%(S)
and a € A, (SU{z1}) (even if x =, x1,Va € A). Combining the above with the fact

that l—7(@ _1-v@) 11—
—yla —7a) —ya
I R T VT P TR

(as y(a) > 1) we have p*(z,S,4) > p*(z,S U {z1}, A). Note that p*(z, S5, A) =

p*(x, S U{x1}, A) holds only when z >, 21,Va € A and AS(S) = 0, the latter being

necessary as

Va € A,

1 —~(a) 1 —~(a)
|S] —1 |SU{z:} — 1

Thus, p*(x, S, A) > p*(x, S U{x}, A) Similarly, one can show that

ps<x>T7 A) :ps(x>Tk7A) S e S ps(xaTbA) Sps(xaTmA) :ps(l‘,S7A),
where Ty = S and T; = T,y U {x;},Vi € {1,--- , k}. Thus,
Tk = Tk:—l U {.QTk} = SU {xl, s ,l’k_l} U {.Tk} =1T.

Therefore, p*(x,S, A) > p*(x,T, A) whenever SCT € X. m

SCRALA does not satisfy a stronger notion of regularity, which can be defined as

follows.

Definition 5 (Regularity in Alternatives®) An SCR p satisfies Regularity in Al-
ternatives® if p(xz, S, ) > p(x,S,-) forallx € SCT € X.

Therefore, this version of regularity allows the attribute sets to be different. We show
an example to show that SCRALA violates this stronger version of regularity in alter-
natives. Let x =, z =, y, y =p & =p 2, x =,y =, z and y(a) = 0.6,v(b) = 0.7,v(c) =
0.9. Then by SCRALA, p*(z,{z,y}, {a,b}) = 0.18 < p*(x,{z,y, 2},{a, c}) = 0.54.

In the above example, we can make another observation that SCRALA can explain
Asymmetric Dominance (or Attraction Effect) (see Huber et al.| (1982))) which is
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described as follows: when the asymmetrically dominated element z is added to
{z,y}, the choice probability of dominant element x is the highest in {z,y, z} and in
particular there is a reversal in choice probability ordering between x and y as the

following calculations show:

ps(ma {x,y}, {a7 b}) =0.18 < ps(ya {:c,y}, {a7 b}) =0.28

and

p’(x,{z,y,2},{a,c}) = 0.54 > p°(y,{x,y,2},{a,c}) = 0.01.

Note that in our example, it is crucial that the attributes sets are varied across
contexts when the asymmetrically dominated alternative is added to the initial menu.
One can interpret it as that when the asymmetrically dominated alternative (z) is
added to the menu, {x, y}, it alters the relevant set of attributes (from {a, b} to {a, c})

in favour of the asymmetrically dominant alternative (x).

4.3 Pareto Dominance and SCRALA

In this section, we establish that the deterministic variant of SCRALA satisfies Pareto
Dominance. We first define Pareto Dominance for deterministic choice functions

which is borrowed from the literature on choice functions (Arrow| (1959) and (Chernoff
(1954))).

Let ¢ : X x A — X be a deterministic choice function such that C(S,A) € S for
any S € X and A € A. Let >, be the preference ordering according to an attribute
a € A. Full attention (FA): SCRALA satisfies FA if the DM pays full attention to
all the attributes, i.e., y(a) = 1 for all a € A.

Definition 6 Pareto Dominance: A deterministic choice function c satisfies Pareto
dominance if for any S € X and A € A the following holds:

(i) [e(S,A) ={a}] <= [z >,y Vae€ AVy € S\{z}]|; and

(ii) [e(S,A) ={2*}] < [Vx € SJac Aye S\{z} such that y >, z].
Pareto dominance requires that a choice is rationalizable by it if and only if the
chosen alternative dominates all the other alternatives in the menu via all the relevant
attributes. If there is no Pareto dominant element, then the choice set is empty. In
terms of stochastic choice, the above translates into the fact that an alternative is
chosen with probability 1 if and only if it dominates all other alternatives in the menu

in all relevant attributes and given that vy(a) = 1 for all a € A (by FA). If there is no

Pareto dominant element the default alternative is chosen with probability 1.

Let ¢*(S, A) denote the choice function derived from SCRALA as follows: (i) for any
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r € X, *(S,A) = {«} if and only if p*(x, S, A) = 1 (ii) otherwise ¢*(S, A) = {z*}.
Note that by the definition of SCRALA and FA, p(z, S, A) = 1 if and only if x =, y
for all a € A for all y € X \ {z}. Consistent with the above, for any a € A we can
define the attribute orderings >, over alternatives in revealed preference terms as:

v oy = {r} =c({r,y} {a}) < ple,{z,y},{a}) = LV2,y € X.

Proposition 4 Suppose SCRALA satisfies FA. The deterministic choice function c®,
based on SCRALA, satisfies Pareto Dominance.

Proof. Take any S € X and A € A. We first verify Condition (i) of Definition
6 To this end, suppose z = ¢*(S, A). By definition of SCRALA, it must be that
p*(x,S, A) = 1. However this is only possible if z >, y for alla € A and all y € S\{z}
and y(a) =1 for all a € A. Therefore, A,(S) = A. By definition of SCRALA,

p(z, S, A) = ny

a€A

as y(a) =1 for all a € A.

Similarly, one can show that
wmayVacAVye S\{z}] — (e, 4) = 1] — [¢(S,4) =]

where the first implication holds under FA.

We now verify Condition (ii) of Definition[6] Suppose ¢*(S, A) = {z*} for some S € X
and A € A. By definition of SCRALA, ¢* and FA, we have p*(z, S, A) = 0 for all
x € S. This implies that for each x € S, 3a € A, Iy € S\{z} such that y =, =
Conversely, assume that Vo € S;3a € A, 3y € S\{x} such that y =, x. This implies
that AS(S) # 0,Vx € S. By SCRALA and FA,

ac sy (L —7(a
pi(z,8,4) = ] V(G)H?Tﬂw)()mz‘; )

a€Az(S)
R -
a€AL(S)
= I @ II o
acA;(S) a€AS(S)
= 0.
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By the definition of SCR,

zﬁﬂ%&m+ﬁ@ﬁ&mz1

z€eS

Therefore, p*(z*, S, A) = 1 which implies that ¢*(S, A) = {z*}. =

4.4 Application: A Social Choice Approach

We briefly touch on the heavily researched topic of Social Choice. Our spotlight, thus
far, has been on the individual consumer and how she makes a choice from a set of
alternatives. In the theory of social choice, we usually consider a society where there
are many individuals voting to elect a candidate from a set of candidates. Each voter,
in general, is assumed to have a preference over the contesting candidates. The pref-
erences is then aggregated (sometimes into a social choice function/correspondence)
in some suitable sense. The dominant strand of literature on Social Choice considers
deterministic versions of the above aggregation. There is a strand of literature where
the social choice functions are probabilistic. We seek to show that SCRALA can be

applied to such scenarios.

Let S € X denote the set of candidates, A € A be the set of voters, and >, be the
preference ordering of a voter a € A. In this setting, SCRALA can also be interpreted
as a Probabilistic Social Choice Function, where the attributes are voters, and the
orderings for attributes are viewed as orderings announced by the voters over the
set of candidates. The parameters (y(a)),ea can be interpreted as the probability
that voter a’s preference is taken into account for making the social decision. Here
v(a) € ( %, 1] implies that each voter’s preference is more likely to be considered in the
aggregation of preferences than not. We can restate SCRALA in this probabilistic

social choice context as follows:

( oo (1= (b
Mocacs) 7<a>H’{,€§z(f)(1)Ang§| D i A(8) £0,45(8) 0
P5(x, 8, A) = I%IGGAZ(S)’V(CL), : if A,(S) = A:;
€AS (L —~(b e
\ag@n%w|’ if AZ(S) = A.

where

A (S)={a€eA:z =,y Vye S}

denotes the voters who prefer candidate x over all the candidates in S and

AS(S)={a€ A: Ty e S\{z},y =, z}
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is the set of voters where some candidate y € S\ {z} is preferred to candidate = where
r,y€ X, S€X, ac A and A € A Here, P°(x,S5, A) denotes the probability that
candidate x is the winner of the election when the menu of candidates are S and the

set of voters are A. The probability that z*(a default or status quo candidate or None
Of The Above (NOTA)) is the outcome is: P*(z*, S, A) = 1= _o P*(z, S, A).

Example 2 Suppose X = {z,y,2z} and A = {a1,a2}. Let the two orderings with
respect to the agents a; and ay be x >,, vy >, z and = >,, z >4, y respectively.
Let y(a;) = 0.9 and ~y(az) = 0.8 be the two opinion consideration probabilities of
the voters. The probabilities of being elected of the three candidates from the set

S = {z,y, 2} according to SCRALA, P? are as follows:
(i) P9z, S, A) = v(a1)y(az) = (0.9)(0.8) = 0.72.

(i) P5(y, S, 4) = (1|;|7_<a11)) (1‘;|7_(a12)) = (13__0i9) (13__053) — 0.005.
(ili) PS(z, S, A) = <1|;|7_(a11>> (1|;|7_(a’12)) - (13__%9) (13__0i8> = 0.005.

(iv) PS(z*,8,4) =1—, p(z, S, A) = 1—0.72 — 0.005 — 0.005 = 0.27

Note that the probability of candidate x being elected is the highest by a large mag-
nitude (in comparison with y and z) as it is the most preferred alternative for both
voter a; and ay. But she is not elected with probability 1 because there is a non-zero
probability that voter a,’s opinion is ignored (=1 — y(a;) = 0.1) and there is a non-
zero probability that voter as’s opinion is ignored (= 1 — y(ag) = 0.2). Hence, the
default (status quo or NOTA) is the outcome with a probability of 0.27.

5 Conclusion

We provide a model of individual stochastic choice where a decision maker is attention-
biased towards different attributes where the attributes are considered with indepen-
dent probabilities. For future work, it would be interesting to explore a framework
where the attention probabilities are dependent. For example, it is possible that if
attention paid to an attribute is high then the attention paid to another complemen-
tary attribute is also high. This can happen when two or more attributes are related,
for example, while buying a box of breakfast cereal, the ‘type of ingredients’ as an

attribute may be linked to another attribute, ‘the sugar content’ of the cereal.

References

AcUuIAr, V. H., M. J. Boccarpi, N. KAsHAEV, AND J. KiM (2023): “Random

utility and limited consideration,” Quantitative Economics, 14, 71-116.

22



AGUIAR, V. H. AND M. Kimya (2019): “Adaptive stochastic search,” Journal of
Mathematical Economics, 81, 74-83.

AHUMADA, A. AND L. ULKU (2018): “Luce rule with limited consideration,” Math-

ematical Social Sciences, 93, 52-56.

Arrow, K. J. (1959): “Rational choice functions and orderings,” FEconomica, 26,
121-127.

BHATTACHARYA, M., S. MUKHERJEE, AND R. SONAL (2021): “Frame-based

stochastic choice rule,” Journal of Mathematical Economics, 97, 102553.

BIALKOVA, S. AND H. VAN TRUJP (2010): “What determines consumer attention to
nutrition labels?” Food Quality and Preference, 21, 1042-1051.

BoORrDALO, P., N. GENNAIOLI, AND A. SHLEIFER (2012): “Salience theory of choice
under risk,” The Quarterly Journal of Economics, 127, 1243-1285.

(2013): “Salience and consumer choice,” Journal of Political Economy, 121,

803-843.

— (2020): “Memory, attention, and choice,” The Quarterly Journal of Eco-
nomics, 135, 1399-1442.

CATTANEO, M. D., X. MA, Y. MASATLIOGLU, AND E. SULEYMANOV (2020): “A
random attention model,” Journal of Political Economy, 128, 2796-2836.

CHEREPANOV, V., T. FEDDERSEN, AND A. SANDRONI (2013): “Rationalization,”
Theoretical Economics, 8, T75-800.

CHERNOFF, H. (1954): “Rational selection of decision functions,” Econometrica:
Journal of the Econometric Society, 422-443.

FIsHBURN, P. C. (1973): “Binary choice probabilities: on the varieties of stochastic
transitivity,” Journal of Mathematical Psychology, 10, 327-352.

FUDENBERG, D., R. IjiMA, AND T. STRZALECKI (2015): “Stochastic choice and
revealed perturbed utility,” Fconometrica, 83, 2371-2409.

GuL, F., P. NATENZON, AND W. PESENDORFER (2014): “Random choice as be-

havioral optimization,” Econometrica, 82, 1873-1912.

HarA, K., E. A. Ok, AND G. RIELLA (2019): “Coalitional Expected Multi-Utility
Theory,” Econometrica, 87, 933-980.

HonbpaA, E. (2021): “Categorical consideration and perception complementarity,”
Economic Theory, 71, 693-716.

HUBER, J., J. W. PAYNE, AND C. PuTo (1982): “Adding asymmetrically domi-

nated alternatives: Violations of regularity and the similarity hypothesis,” Journal

23



of Consumer Research, 9, 90-98.

KarAl, G., A. RUBINSTEIN, AND R. SPIEGLER (2002): “Rationalizing choice func-
tions by multiple rationales,” Econometrica, 70, 2481-2488.

Kimya, M. (2018): “Choice, consideration sets, and attribute filters,” American

Economic Journal: Microeconomics, 10, 223-247.

KovacH, M. AND E. SULEYMANOV (2023): “Reference dependence and random
attention,” Journal of Economic Behavior € Organization, 215, 421-441.

KovacH, M. AND G. TSERENJIGMID (2022): “The focal Luce model,” American

Economic Journal: Microeconomics, 14, 378-413.

LANCASTER, K. J. (1966): “A new approach to consumer theory,” Journal of Polit-
1cal Economy, 74, 132—157.

LLERAS, J. S.; Y. MasatrLioGLu, D. NAKAJIMA, AND E. Y. OzBAy (2017):

“When more is less: Limited consideration,” Journal of Economic Theory, 170,

70-85.
Luce, R. (1959): Individual Choice Behavior: A Theoretical Analysis, John Wiley

and Sons.

MANZINI, P. AND M. MARIOTTI (2007): “Sequentially rationalizable choice,” Amer-
1can Economic Review, 97, 1824-1839.

— (2012): “Categorize then choose: Boundedly rational choice and welfare,”

Journal of the European FEconomic Association, 10, 1141-1165.

(2014): “Stochastic choice and consideration sets,” Econometrica, 82, 1153—

1176.

MASATLIOGLU, Y., D. NAKAJIMA, AND E. Y. OzBAY (2012): “Revealed atten-
tion,” American Economic Review, 102, 2183-2205.

McFADDEN, D. AND M. K. RICHTER (1990): “Stochastic rationality and revealed

stochastic preference,” Preferences, Uncertainty, and Optimality, Essays in Honor
of Leo Hurwicz, Westview Press: Boulder, CO, 161-186.

SALANT, Y. AND A. RUBINSTEIN (2008): “(A, f): Choice with Frames,” The Review
of Economic Studies, 75, 1287-1296.

24



6 Appendix

6.1 Independence of the Axioms

In this section, we prove the independence of the Axioms. To show this, we provide
an example of an SCR for each Axiom listed in the statement of the Theorem [I] which

satisfies all Axioms except that one.
Claim 8 The following SCR-1 satisfies all the Azxioms except IN.
Definition 7 (SCR-1) An SCR, p' is a SCR-1 if for all a € A there exist an

1

ordering =, an attention parameter v(a) € (3,1] and an ordering > on A such that

forany Se X,z €S and A € A,

. ~(a*) if a* € A,(S) where a* = max(>=, A);
p(z,5,4) = .
1|_57|(_a1 ) otherwise.

For an example, consider A = {aj,as} with z =, y =4, 2, Y =, T =4, 2, and
aj = ag, then for S = {z,y, z},

1 —v(a1)

P, S A) = 3a), Py, S, A) =p'(=, 5, 4) =~

while,
Pz {z,y} {ar}) = p'(2, {z}, {ar}) = v(a1)

and
p1<x7 {'T"v y}7 {CLQ}) =1- 7(a2)7 pl(y7 {y}7 {GQ}) = p(xa {ZE}, &2) = IY(aQ)-
It is easy to verify that the rule does not satisfy IN since

pl(a?, S, A) — ’}/((11) #+ pl(aj, S, {al})pl(af, S, {(12}) = 'Y(al) (1‘;’7_@12)) :

The rule satisfies all the other Axioms.

Claim 9 The following SCR-2 satisfies all the Azioms except F'S.

Definition 8 (SCR-2) An SCR, p* is SCR-2 if for all a € A there exists an

ordering =, and an attention parameters y(a) € (3,1] such that for any S € X,
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reSand Ae A,

( (1= (b
[aea,s)7(@) H;f(‘g|(s_)(1)|,4;s())), if ALS) # 0, A2(S) # D
P8, 4) = { Tlaeans (@), if Au(S) = A;
i1~ 1(8) -
\ 21;(|,;|(52 NECE if AL(S) = A.

Consider S = {z,y} and A = {a} such that x >, y. This rule does not satisfy FS

since

1 —~(a)
2

1 —v(a)
5

Pz {z y} {a}) =v(a), p*(y, {z,y}, {a}) = , and p*(2", {z,y}, {a}) =

It is easy to verify that SCR-2 satisfies all the other Axioms.
Claim 10 The following SCR-3 satisfies all the Axioms except IS.

Definition 9 (SCR-3) An SCR, p? is SCR-3 if there exists an ordering =, and
attention parameters y(a) € (%, 1] for all a € A such that for any S € X, x € S, and
AeA,

rps(:v,S, A), if |S] > 2;
P}z, 5, A) = [aea,x) (), if Ax(X) = A, S| =1;
HagA;(X)(l —7(a)), if AS(X) = A, 15| =1,
[ acn,x) 7(@) IToeag x) (1 = 7(0)), if Ae(X) # 0, AS(X) # 0, |S| = 1.

Consider X = {z,y} and A = {a} such that >, y. This rule does not satisfy IS

since
p3(x7 {I‘}, {a’}> = fy(a% ps(yv {y}u {(I}) =1- 7(0’)
It is easy to verify that SCR-3 satisfies all the other Axioms.
Claim 11 The following SCR-/ satisfies all the Axioms except UIA.
Let
AL(S)={a € A: 2 =max(=,,9)}
and
A2(S) ={a € A:x=max(=,, S\{z:(9)})}.
where z%(S) = max(>=,,5).

Definition 10 (SCR-4) An SCR, p* is SCR-J if for all a € A there exists an
ordering », and attention parameters v(a) € (%, 1] such that for any S € X, x € S
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and A € A,

2o (1 — (b
[aeasis) (@) “;7;, ot )|Af§| D ans) £ 0,42(5) 20,
4 o HaeAl( )7(0’)7 Zf A}E(S) = A,
p*(x, 5, A) = ¢ [Thenzs) (1 = 7(0)) pis
(IS = AT FALS) =4
0, otherwise.

\

Consider S = {z,y, z} and A = {a} such that x >, y >, z. This rule does not satisfy
UIA since

p'(z,5,A) =(a), p*(y, S, A) =1 —~(a) and p(z, S, A) = 0.

It is easy to verify that SCR-4 satisfies all the other Axioms.
Claim 12 The following SCR-5 satisfies all the Azioms except DOM.

Definition 11 (SCR-5) An SCR p® is SCR-5 if for all a € A there exists an or-
dering =, and attention parameters v(a) € (3, 1] such that for any S € X, x € S and
A€ A,

p*(z, S, A), if |1S] > 2;

p°(z,8,A) =
1, if1S] = 1.

SCR-5 is a SCRALA if |S| > 2 and chooses an alternative with probability one from

any singleton set.

Consider S = {z,y, 2} and A = {a} such that z >, y >, z. This rule does not satisfy
DOM since

(@ Az, y}.{a}) = v(a) # p*(x, {a}, {a}) = 1.

It is easy to verify that SCR-5 satisfies all the other Axioms.
Claim 13 The following SCR-6 satisfies all the Axioms except BD.

Definition 12 (SCR-6) An SCR p® is SCR-6 if for all a € A there exists an or-

dering =, and attention parameters v(a) € (3, 1] such that for any S € X, x € S and

27



AeA,

( H €A ( (1 - V(b)) ) .
oca. s 7(@) ZE|§ j)l)lAg(Sﬂ 7 if Au(S) # 0, AL(S) # 0;
P°(x, 8, A) = l_li[aeAz(S)('y(a),( : if A(S) = A;
eags)L =10 .
( Z|g i1)|A§b<5> ’ if A3(S) = A.

SCR-6 is a SCRALA with v(a) = 2 for all a € A.

— 2

Consider S = {z,y} and A = {a} such that = >, y. This rule does not satisfy BD
since

(@, {z,y} {a}) = P (v, {2y}, {a}) = %

It is easy to verify that SCR-6 satisfies all the other Axioms.

Claim 14 The following example of an SCR satisfies all the Axioms except ST for
S ={x,y,z} and A = {a}.

Proof. Consider X = {z,y, 2} and A = {a}. Let the SCR be as follows:

1 1
p(an7A) :p(Z,X, A) = 57 p(y,X, A) = g

zﬁw,{w,y}~4)=:§,zﬁy,{m,y7}~4)==%'
py vr2h A) = 5, bl (0,21 A) = 5.
p(z, {x>z}7A) = ;» p(ZL‘, {ajvz}wA) = %

p(x, {x}, A) = p(y, {y}, A) = p(=,{z}, 4) = §

Note that UTIA, DOM and IN are satisfied trivially, while FS, IS and BD are
satisfied by the definition of the SCR above. m
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